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Abstract
Linear complementary dual (LCD) cyclic codes were referred historically to as reversible cyclic codes, which had applications
in data storage. Due to a newly discovered application in cryptography, there has been renewed interest in LCD codes. In particular,
it has been shown that binary LCD codes play an important role in implementations against side-channel attacks and fault injection
attacks. In this paper, we first present a new characterization of binary LCD codes in terms of their symplectic basis. Using such a
characterization,we solve a conjecture proposed by Galvez et al. on the minimum distance of binary LCD codes. Next, we consider
the action of the orthogonal group on the set of all LCD codes, determine all possible orbits of this action, derive simple closed
formulas of the size of the orbits, and present some asymptotic results of the size of the corresponding orbits. Our results show
that almost all binary LCD codes are odd-like codes with odd-like duals, and about half of q-ary LCD codes have orthonormal
basis, where q is a power of an odd prime.
Index Terms
LCD codes, Odd-like LCD codes, Even-like LCD codes, Group action, Orthogonal group, Symplectic group.
I. INTRODUCTION
Let q be a power of a prime. Fq and F
n
q denote the finite field with q elements and n-dimensional vector space over Fq
respectively. Let wt(x) denote the weight of x ∈ Fnq , i.e., the number of nonzero elements in x = (x1, x2, . . . , xn). For any
x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) in F
n
q , the Euclidean inner product of x and y is defined by
x · y =
n∑
i=1
xiyi.
An [n, k, d] linear code C over Fq is a k-dimensional subspace of Fnq with minimum (Hamming) distance d. The dual of C is
defined by
C⊥ = {w ∈ Fnq : w · c = 0 for all c ∈ C}.
If C ∩ C⊥ = {0}, then C is called a linear complementary dual code or an LCD code.
Carlet and Guilley applied LCD codes in side-channel attacks (SCA) and fault non-invasive attacks [1], [2]. A lot of works
has been devoted to construct LCD codes. In [5], Ding et al. constructed several families of Euclidean LCD cyclic codes over
finite fields and analyzed their parameters. In [9] Li et al. studied two special families of LCD cyclic codes, which are both
BCH codes. Mesnager et al. [10] presented a construction of algebraic geometry Euclidean LCD codes. In [3], Carlet et al.
completely determined all q-ary (q > 3) Euclidean LCD codes and all q2-ary (q > 2) Hermitian LCD codes for all possible
parameters. In the latest paper, Carlet et al. [4], introduced the concept of linear codes with σ complementary dual (σ-LCD),
which includes known Euclidean LCD codes, Hermitian LCD codes, and Galois LCD codes. Their results extend those on the
classical LCD codes and show that σ-LCD codes allow the construction of LCP of codes more easily and with more flexibility.
However, little is known on the general structure of LCD codes. The goal of this paper is to characterize LCD codes and to
study the structure of the set of LCD codes. We first present a new characterization of LCD codes in terms of their symplectic
basis. Such a characterization, allows us to solve a conjecture proposed by Galvez et al. [7] on the minimum distance of binary
LCD codes. Afterwards, we consider the action of the orthogonal group on the set of all LCD codes, determine all possible
orbits of this action, give simple closed formulas of the size of the orbits, and present some asymptotic results of the size of
the corresponding orbits. Our results show that almost all binary LCD codes are odd-like codes with odd-like duals, and about
half of q-ary LCD codes have orthogonal basis, where q is a power of an odd prime.
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2The paper is organized as follows. In Section II, we recall some basic results on LCD codes and binary symmetric matrices.
In Section III, we firstly characterize binary LCD codes in terms of their basis. Based on these results we solve a conjecture
proposed by Galvez et al. [7]. In Section IV, we consider the action of orthogonal group on the set of all binary LCD codes
and study the orbits of this action. In Section V, we use the same method to characterize q-ary LCD codes, where q is a power
of an odd prime.
II. PRELIMINARIES
For a matrix G, GT denotes the transposed matrix of G. The following characterization of LCD codes is due to Massey
[11].
Proposition 2.1: Let C be a linear code with a generator matrix G and a parity-check matrix H . Then the three following
properties are equivalent:
(i) C is LCD;
(ii) the matrix GGT is invertible;
(iii) the matrix HHT is invertible.
A matrix M is symmetric if MT = M . A diagonal matrix is a matrix in which the entries outside the main diagonal
are all zero. We shall write diag[x1, ..., xk] for a diagonal matrix whose main diagonal entries are x1, ..., xk. The following
proposition gives the classification of symmetric matrices over F2 under the equivalence relation M ∼ QMQ
T [15], [16],
where Q is nonsingular.
Proposition 2.2: Let M be a symmetric k × k matrix of rank t with entries in F2.
(i) If all diagonal entries of M equal 0, then t is even and there is a nonsingular matrix Q such that
QMQT = diag[J2, J2, . . . , J2︸ ︷︷ ︸
t
, 0, . . . , 0],
where J2 =
[
0 1
1 0
]
.
(ii) If at least one diagonal entry of M is nonzero, then there is a nonsingular k × k matrix Q such that
QMQT = diag[1, 1, . . . , 1︸ ︷︷ ︸
t
, 0, . . . , 0].
III. NEW CHARACTERIZATION OF BINARY LCD CODES BY THEIR BASIS
In this section, we will present a new characterization of binary LCD codes. Based on this characterization, we prove a
conjecture on minimum distance of binary LCD codes proposed by Galvez et al. [7].
A vector x = (x1, x2, . . . , xn) in F
n
2 is even-like if
n∑
i=1
xi = 0
and is odd-like otherwise. A code is said to be even-like if it has only even-like codewords, and is said to be odd-like if it is
not even-like.
Theorem 3.1: Let C be an odd-like binary code with parameters [n, k]. Then C is LCD if and only if there exists a basis
c1, c2, . . . , ck of C such that for any i, j ∈ {1, 2, . . . , k}, ci · cj equals 1 if i = j and equals 0 if i 6= j.
Proof If there exists a basis c1, c2, . . . , ck of C such that for any i, j ∈ {1, 2, . . . , k}, ci · cj equals 1 if i = j and equals 0
if i 6= j. Let G be the generator matrix of C that corresponds to the base c1, c2, . . . , ck. Then, GGT = Ik, where Ik is the
k × k identity matrix. From Proposition 2.1, C is LCD.
Conversely, assume that C is LCD. Let G′ be a generator matrix of C. Then from Proposition 2.1, G′G′T is an invertible
symmetric matrix of size k × k. Since C is odd-like, there is at least one nonzero diagonal entry on G′G′T . Then from Part
(ii) of Proposition 2.2 there exists nonsingular k × k matrix Q such that QG′G′TQT = (QG′)(QG′)T = Ik, where Ik is
the k × k identity matrix. Let G = QG′. Then, G is also a generator matrix of C. Let ci be the i-th row of matrix G for
i ∈ {1, 2, . . . , k}. Hence c1, c2, . . . , ck is the desired basis, since GGT = Ik . It completes the proof.
Remark 1: Theorem 3.1 shows that a binary odd-like code C is LCD if and only if C has an orthonormal basis.
Theorem 3.2: Let C be an even-like binary code with parameters [n, k]. Then C is LCD if and only if k is even and there
exists a basis c1, c
′
1, c2, c
′
2, . . . , c k
2
, c′k
2
of C such that for any i, j ∈ {1, 2, . . . , k2}, the following conditions hold
(i) ci · cj = c′i · c
′
j = 0;
(ii) ci · c′j = 0 if i 6= j;
(iii) ci · c′i = 1.
3Proof If k is even and there exists a basis c1, c
′
1, c2, c
′
2, . . . , c k
2
, c′k
2
of C such that for any i, j ∈ {1, 2, . . . , k2}, the following
conditions hold
(i) ci · cj = c
′
i · c
′
j = 0;
(ii) ci · c′j = 0 if i 6= j;
(iii) ci · c′i = 1.
Let G be the generator matrix of C that corresponds to the base c1, c′1, c2, c
′
2, . . . , c k
2
, c′k
2
. Then,GGT = diag[J2, J2, . . . , J2︸ ︷︷ ︸
k
2
],
where J2 =
[
0 1
1 0
]
. Hence, GGT is invertible. From Proposition 2.1, we have that C is LCD.
Conversely, assume that C is LCD. Let G′ be a generator matrix of C. Then from Proposition 2.1, G′G′T is an invertible
symmetric matrix of size k× k. Since C is even-like, all diagonal entries of G′G′T equal 0. Then from Part (i) of Proposition
2.2, k is even and there exists nonsingular k × k matrix Q such that QG′G′TQT = (QG′)(QG′)T = diag[J2, J2, . . . , J2︸ ︷︷ ︸
k
2
],
where J2 =
[
0 1
1 0
]
. Let G = QG′. Then G is also a generator matrix of C. Let ci be the (2i − 1)-th row of matrix G
and c′i be the 2i-th row of matrix G for i ∈ {1, 2, . . . ,
k
2}. Hence c1, c
′
1, c2, c
′
2, . . . , c k
2
, c′k
2
is the desired basis, because
GGT = diag[J2, J2, . . . , J2︸ ︷︷ ︸
k
2
]. It completes the proof.
Remark 2: A basis of C satisfying the conditions (i), (ii), and (iii) in Theorem 3.2 is called a symplectic basis. Theorem 3.2
shows that an even-like code is LCD if and only if it has a symplectic basis.
Let dLCD(n, k) be the maximum of possible values of d among [n, k, d] binary LCD codes. Dougherty et al. [6] gave a
linear programming bound on the largest size of dLCD(n, k). Using the idea of principal submatrices, Galvez et al. [7] proved
that dLCD(n, k) ≤ dLCD(n, k − 1) if k is odd and dLCD(n, k) ≤ dLCD(n, k − 2) if k is even. They also conjectured that
dLCD(n, k) ≤ dLCD(n, k − 1) for any k. We will prove this conjecture using the new characterization of binary LCD codes
described above. To this end, the following lemma is needed.
Lemma 3.3: Let C be an even-like binary LCD code with parameters [n, k]. Then, there exists a basis c1, c′1, c2, c
′
2, . . . , c k
2
, c′k
2
of C such that for any i, j ∈ {1, 2, . . . , k2}, the following conditions hold
(i) ci · cj = c′i · c
′
j = 0;
(ii) ci · c′j = 0 if i 6= j;
(iii) ci · c′i = 1;
(iv) ci,1 = c
′
i,1, where ci = (ci,1, . . . , ci,n) and c
′
i = (c
′
i,1, . . . , c
′
i,n).
Proof From Theorem 3.2, there exists a basis c1, c
′
1, c2, c
′
2, . . . , c k
2
, c′k
2
of C, which satisfy the conditions (i), (ii) and (iii).
Without loss of generality, assume that ci,1 = c
′
i,1 + 1 = 1 for 1 ≤ i ≤ l and ci,1 = c
′
i,1 for l+ 1 ≤ i ≤ k, where l is some
positive integer, ci = (ci,1, . . . , ci,n), and c
′
i = (c
′
i,1, . . . , c
′
i,n). Let wi = ci for i ∈ {1, . . . ,
k
2}, w
′
i = c
′
i+ci for i ∈ {1, . . . , l}
and w′i = c
′
i for i ∈ {l+1, . . . ,
k
2}. It can be verified directly that the basis w1,w
′
1,w2,w
′
2, . . . ,w k
2
,w′k
2
satisfy the conditions
(i), (ii), (iii) and (iv).
Theorem 3.4: If 2 ≤ k ≤ n, then dLCD(n, k) ≤ dLCD(n, k − 1).
Proof Let k be odd and C be an [n, k] LCD code with minimum distance d = dLCD(n, k). Then, C is odd-like. From Theorem
3.1, there exists a basis c1, . . . , ck of C such that ci · cj = 1 if i = j and ci · cj = 0 otherwise. From Theorem 3.1, the code
C′ = Span{c1, . . . , ck−1} is an [n, k − 1] LCD code with minimum distance at least dLCD(n, k).
Let k be even and C be an [n, k] LCD code with minimum distance d = dLCD(n, k). If C is odd-like, the results follow
from a similar discussion in the case k odd.
In the following, assume that C is even-like. If for any c = (c1, . . . , cn) ∈ C, c1 = 0. Let c1, c′1, . . . , c k
2
, c′k
2
be a basis
of C satisfying the conditions in Theorem 3.2 and C′ = Span{c1, c′1, . . . , c k
2−1
, c′k
2−1
,w k
2
}, where w k
2
= c k
2
+ e1. Then,
C′ is an [n, k − 1] code with minimum distance at least dLCD(n, k). Let G′ be the generator matrix corresponding to the
basis c1, c
′
1, . . . , c k
2−1
, c′k
2−1
,w k
2
. Then, G′G′T = diag[J2, J2, . . . , J2︸ ︷︷ ︸
k
2−1
, 1], where J2 =
[
0 1
1 0
]
. It is observed that G′G′T is
nonsingular. By Proposition 2.1, C′ is LCD. Thus, the results hold.
If for some c = (c1, . . . , cn) ∈ C, c1 6= 0. Then, there exists a basis c1, c′1, c2, c
′
2, . . . , c k
2
, c′k
2
of C satisfying the conditions in
Lemma 3.3. Without loss of generality, assume that ci,1 = c
′
i,1 = 1 for i ∈ {1, . . . , l} and ci,1 = c
′
i,1 = 0 for i ∈ {l+1, . . . ,
k
2},
where l is some positive integer. Let C′ = Span{c′1+c1+e1}+Span{ci+c1, c
′
i+c1 : 2 ≤ i ≤ l}+Span{ci, c
′
i : l+1 ≤ i ≤
k
2}.
4Then, C′ is an [n, k − 1] code with minimum distance at least dLCD(n, k). Let G′ be the generator matrix corresponding to
the basis{c′1 + c1 + e1} ∪ {ci + c1, c
′
i + c1 : 2 ≤ i ≤ l} ∪ {ci, c
′
i : l+ 1 ≤ i ≤
k
2}. It is observed that, for 2 ≤ i ≤ l,
(c′1 + c1 + e1) · (ci + c1) = (c
′
1 + c1 + e1) · (c
′
i + c1) = 1,
for l ≤ i ≤ k2 ,
(c′1 + c1 + e1) · ci = (c
′
1 + c1 + e1) · c
′
i = 0,
and (c′1 + c1 + e1) · (c
′
1 + c1 + e1) = 1. Then,
G′G′T =

 1 uuT diag[J2, J2, . . . , J2︸ ︷︷ ︸
k
2−1
]

 ,
where u = (1, . . . , 1︸ ︷︷ ︸
2(l−1)
, 0, . . . , 0) ∈ Fk−22 . That is, G
′G′T is a matrix of the following form


1 1 1 . . . 1 1 0 0 . . . 0 0
1 0 1 . . . 0 0 0 0 . . . 0 0
1 1 0 . . . 0 0 0 0 . . . 0 0
...
...
... . . .
...
...
...
... . . .
...
...
1 0 0 . . . 0 1 0 0 . . . 0 0
1 0 0 . . . 1 0 0 0 . . . 0 0
0 0 0 . . . 0 0 0 1 . . . 0 0
0 0 0 . . . 0 0 1 0 . . . 0 0
...
...
... . . .
...
...
...
... . . .
...
...
0 0 0 . . . 0 0 0 0 . . . 0 1
0 0 0 . . . 0 0 0 0 . . . 1 0


(1)
Adding the 2-th column, 3-th column, ...,(2l− 1)-th column of Matrix (1) to the first column of Matrix (1), one has

1 1 1 . . . 1 1 0 0 . . . 0 0
0 0 1 . . . 0 0 0 0 . . . 0 0
0 1 0 . . . 0 0 0 0 . . . 0 0
...
...
... . . .
...
...
...
... . . .
...
...
0 0 0 . . . 0 1 0 0 . . . 0 0
0 0 0 . . . 1 0 0 0 . . . 0 0
0 0 0 . . . 0 0 0 1 . . . 0 0
0 0 0 . . . 0 0 1 0 . . . 0 0
...
...
... . . .
...
...
...
... . . .
...
...
0 0 0 . . . 0 0 0 0 . . . 0 1
0 0 0 . . . 0 0 0 0 . . . 1 0


,
which is nonsingular. From Proposition 2.1, C′ is LCD, which completes the proof.
IV. THE ACTION OF THE ORTHOGONAL GROUP ON THE SET OF BINARY LCD CODES
In this section, we will consider the action of the orthogonal group on the set of binary LCD codes.
The set of all binary LCD codes with parameters [n, k] is denoted by LCD[n, k]. Let LCDo,o[n, k] (LCDo,e[n, k], re-
spectively) be the set of all odd-like binary LCD codes C of length n and dimension k such that C⊥ is odd-like (even-like,
respectively). We can define LCDe,o[n, k] and LCDe,e[n, k] similarly. Obviously there is no even-like binary LCD code with
even-like dual and LCDe,e[n, k] is an empty set. Thus,
LCD[n, k] = LCDo,o[n, k] ∪ LCDo,e[n, k] ∪ LCDe,o[n, k]. (2)
Further, the mapping C → C⊥ gives a one-to-one correspondence between LCDo,e[n, k] and LCDe,o[n, n− k]. We shall say
that two binary LCD codes C and C′ have the same type if they are both in LCDo,o[n, k], or LCDo,e[n, k], or LCDe,o[n, k].
5For any v1, . . . ,vk ∈ Fn2 , Span{v1, . . . ,vk} denotes the linear subspace of F
n
2 spanned by v1, . . . ,vk. Let ei = (0, . . . , 1, . . . , 0) ∈
Fn2 be the vector with 1 in the i-th position. We define the following three matrices:
Go,o =


e1
e2
e3
e4
...
ek−1
ek


, Go,e =


∑n−k+1
i=1 ei
en−k+2
en−k+3
en−k+4
...
en−1
en


and Ge,o =


e1 + e2
e2 + e3
e1 + e2 + e3 + e4
e4 + e5
...∑k−1
i=1 ei + ek
ek + ek+1


. (3)
Let Co,o, Co,e and Ce,o denote the linear codes generated by the matrices Go,o, Go,e and Ge,o (k even), respectively.
Let 0 < k < n. From Theorem 3.2, if k (n−k, respectively) is odd, LCDe,o[n, k] (LCDo,e[n, k], respectively) is empty. The
following proposition shows that if k (n− k, respectively) is even, LCDe,o[n, k] (LCDo,e[n, k], respectively) is non empty.
Proposition 4.1: Let 0 < k < n. Let Co,o, Co,e and Ce,o be defined as above. Then, Co,o ∈ LCDo,o[n, k]. Moreover, if k
(n− k, respectively) is even, Ce,o ∈ LCDe,o[n, k] (Co,e ∈ LCDo,e[n, k], respectively).
Proof It is easy to verify that C⊥o,o = Span{ei : i ∈ {k + 1, . . . , n}}. Then, Co,o ∩ C
⊥
o,o = {0} and Co,o ∈ LCDo,o[n, k].
It is observed that
C⊥e,o = Span{
k+1∑
i=1
ei, ek+2, . . . , en},
and
C⊥o,e = Span{ei + en−k+1 : i ∈ {1, 2, . . . , n− k}}.
Then, if k (n− k, respectively) is even, Ce,o ∩ C⊥e,o = {0} (Ce,o ∩ C
⊥
e,o = {0}, respectively), which completes the proof.
Remark 3: Let Ho,o, Ho,e and He,o be matrices defined by
Ho,o =


ek+1
ek+2
ek+3
ek+4
...
en−1
en


, Ho,e =


∑1
i=1 ei + e2
e2 + e3∑3
i=1 ei + e4
e4 + e5
...∑n−k−1
i=1 ei + en−k
en−k + en−k+1


and He,o =


∑k+1
i=1 ei
ek+2
ek+3
ek+4
...
en−1
en


. (4)
Then, from the proof of Proposition 4.1, Ho,o, Ho,e and He,o are parity-check matrices of Co,o, Co,e and Ce,o respectively.
For any [n, k] linear code C and n× n matrix Q, let CQ be the linear code defined by
CQ = {cQ : c ∈ C}. (5)
In the rest of the paper, GLn denotes the general linear group of degree n over F2, which is the set of n × n invertible
matrices over F2, together with the operation of ordinary matrix multiplication. A binary orthogonal matrix or orthogonal
matrix is a square matrix with binary entries whose columns and rows are orthogonal unit vectors (i.e., orthonormal vectors),
i.e. QTQ = QQT = I , where I is the identity matrix. The set of n× n orthogonal matrices forms a group On, known as the
orthogonal group. Recall that an n×n matrix Q is an orthogonal matrix if and only if (uQ) · (vQ) = u ·v for any u,v ∈ Fn2 .
Theorem 4.2: Let C1 and C2 be two binary [n, k] LCD codes of the same type. Then, there exists an orthogonal matrix
Q ∈ On such that C2 = C1Q. Conversely, for any binary [n, k] LCD code C and any orthogonal matrix Q ∈ On, CQ is also
an LCD code with the same type as C.
Proof We first consider the case C1, C2 ∈ LCDo,o[n, k]. Then, C1 and C⊥1 are odd-like LCD codes. From Theorem 3.1, there
is an orthonormal basis c1, . . . , ck of C1 and an orthonormal basis ck+1, . . . , cn of C⊥1 . Then, c1, . . . , cn is an orthonormal
basis of C1 ⊕ C⊥1 = F
n
2 . Similarly, there is another orthonormal basis w1, . . . ,wn of F
n
2 such that C2 = Span{w1, . . . ,wk}
and C⊥2 = Span{wk+1, . . . ,wn}. Let Q1 and Q2 be orthogonal matrices defined by
Q1 =


c1
c2
...
cn

 and Q2 =


w1
w2
...
wn

 .
6Let Q = Q−11 Q2. Then, Q is an orthogonal matrix and ciQ = wi for i ∈ {1, 2, . . . , k}. Thus, C1Q = C2.
If C1, C2 ∈ LCDo,e[n, k], C1 is an odd-like LCD code and C
⊥
1 is even-like LCD code. By Theorem 3.1, there is an
orthonormal basis c1, . . . , ck of C1. From Theorem 3.2, there is a basis ck+1, c′k+1, . . . , ck+ n−k2
, c′
k+ n−k2
of C⊥1 , which satisfies
the conditions (i), (ii) and (iii) in Theorem 3.2. Similarly, C2 has an orthonormal basis w1, . . . ,wk and C⊥2 has a basis
wk+1,w
′
k+1, . . . ,wk+ n−k2
,w′
k+n−k2
, which satisfies the conditions (i), (ii) and (iii) in Theorem 3.2. Let Q1 and Q2 be matrices
defined by
Q1 =


c1
...
ck
ck+1
c′k+1
...
ck+ n−k2
c′
k+ n−k2


and Q2 =


w1
...
wk
wk+1
w′k+1
...
wk+ n−k2
w′
k+ n−k2


.
Then,
Q1Q
T
1 = Q2Q
T
2 =

 Ik 00 diag[J2, . . . , J2︸ ︷︷ ︸
n−k
2
]

 .
Let Q = Q−11 Q2. One obtains QQ
T = Q−11 (Q2Q
T
2 )(Q
−1
1 )
T = Q−11 (Q1Q
T
1 )(Q
−1
1 )
T = In, that is, Q is an orthogonal
matrix. It is observed that ciQ = wi for every i ∈ {1, . . . , k}. Thus, C1Q = C2.
If C1, C2 ∈ LCDe,o[n, k], by a similar argument as the case C1, C2 ∈ LCDo,e[n, k], one can prove that there is a Q ∈ On
such that C2 = C1Q. Hence, we prove that if C1, C2 have the same type, there is always an orthogonal matrix Q such that
C2 = C1Q.
Conversely, let C be an [n, k] LCD code and Q ∈ On. Recall that wt(v) (mod 2) ≡ v · v = (vQ) · (vQ) for any v ∈ F
n
2 .
Then, CQ is odd-like (even-like, respectively) if and only if C is odd-like (even-like, respectively). Let G be a generator matrix
of C. Then, GQ is a generator matrix of CQ. Note that (GQ)(GQ)T = GGT . Thus, CQ is LCD and its type is as the same
as C, which completes the proof.
Theorem 4.2 shows that the orthogonal group On acts on LCD[n, k] by (C, Q) 7−→ CQ, where C ∈ LCD[n, k] and Q ∈ On.
The following theorem presents the decomposition of LCD[n, k] into On-orbits.
Theorem 4.3: Let k and n be two positive integers such that k < n.
(i) If n is odd and k is odd, LCD[n, k] can be decomposed as the following disjoint union of orbits
LCD[n, k] = Co,oOn ∪ Co,eOn.
(ii) If n is odd and k is even, LCD[n, k] can be decomposed as the following disjoint union of orbits
LCD[n, k] = Co,oOn ∪ Ce,oOn.
(iii) If n is even and k is odd, LCD[n, k] can be decomposed as the following disjoint union of orbits
LCD[n, k] = Co,oOn.
(iv) If n is even and k is even, LCD[n, k] can be decomposed as the following disjoint union of orbits
LCD[n, k] = Co,oOn ∪ Co,eOn ∪ Ce,oOn.
Proof Firstly, recall that LCDo,e[n, k] = ∅ if n − k is odd and LCDe,o[n, k] = ∅ if k is odd. Then, the results follow from
Equation (2), Proposition 4.1 and Theorem 4.2.
To determine the size of the On-orbit of a code C, we need to the order of the stabilizer of C, which is defined by
St(C) = {Q ∈ On : CQ = C}.
For an even positive integer, Spk denotes the symplectic group of degree k, a k × k matrix Q is in Spk if and only if
Qdiag[J2, . . . , J2︸ ︷︷ ︸
k
2
]QT = diag[J2, . . . , J2︸ ︷︷ ︸
k
2
].
7Lemma 4.4: Let C be a binary [n, k] LCD code, G be a generator matrix of C and H be a generator matrix of C⊥. Then,
Q ∈ St(C) if and only if Q =
[
G
H
]−1 [
Q1 0
0 Q2
] [
G
H
]
, where Q1 ∈ GLk, Q2 ∈ GLn−k such that Q1(GGT )QT1 =
GGT and Q2(HH
T )QT2 = HH
T .
Proof Let Q =
[
G
H
]−1 [
Q1 0
0 Q2
] [
G
H
]
satisfying Q1(GG
T )QT1 = GG
T and Q2(HH
T )QT2 = HH
T . Note that[
G
H
]
Q =
[
Q1 0
0 Q2
] [
G
H
]
=
[
Q1G
Q2H
]
. Then, GQ = Q1G and HQ = Q2H . Thus, CQ = C. Note that
[
G
H
]
QQT
[
G
H
]T
=
([
G
H
]
Q
)([
G
H
]
Q
)T
=
[
Q1G
Q2H
] [
GTQT1 H
TQT2
]
=
[
Q1GG
TQT1 Q1GH
TQT2
Q2HG
TQT1 Q2HH
TQT2
]
=
[
Q1GG
TQT1 0
0 Q2HH
TQT2
]
=
[
GGT 0
0 HHT
]
=
[
G
H
] [
G
H
]T
.
Then, QQT = In, that is Q ∈ On. Thus, Q ∈ St(C).
Conversely, let Q ∈ St(C), that is CQ = C. Then, GQ = Q1G with Q1 ∈ GLk. For any c ∈ C and any w ∈ C⊥, one has
(cQ) · (wQ) = c ·w = 0 from Q ∈ On. Then, C⊥Q = C⊥. Thus, there exists Q2 ∈ GLn−k such that HQ = Q2H . One gets[
G
H
]
Q =
[
Q1 0
0 Q2
] [
G
H
]
. Then, Q =
[
G
H
]−1 [
Q1 0
0 Q2
] [
G
H
]
. Since Q ∈ On, one has
GGT =(GQ)(GQ)T
=Q1(GG
T )QT1 ,
and
HHT =(HQ)(HQ)T
=Q2(HH
T )QT2 .
It completes the proof.
Corollary 4.5: Let k and n be two positive integers with 0 < k < n.
(i) Let Co,o be the LCD code with generator matrix Go,o defined by Equation (3). Then,
St(Co,o) =
{[
Q1 0
0 Q2
]
: Q1 ∈ Ok, Q2 ∈ On−k
}
.
(ii) Assume (n− k) be even. Let Go,e and Ho,e be matrices defined by Equations (3) and (4) respectively. Then,
St(Co,e) =
{[
Go,e
Ho,e
]−1 [
Q1 0
0 Q2
] [
Go,e
Ho,e
]
: Q1 ∈ Ok, Q2 ∈ Spn−k
}
.
(iii) Assume k be even. Let Ge,o and He,o be the matrices defined by Equations (3) and (4) respectively. Then,
St(Ce,o) =
{[
Ge,o
He,o
]−1 [
Q1 0
0 Q2
] [
Ge,o
He,o
]
: Q1 ∈ Spk, Q2 ∈ On−k
}
.
Proof Note that Go,o, Go,e and Ge,o are generator matrices of Co,o, Co,e and Ce,o respectively, and Ho,o, Ho,e and He,o are
generator matrices of Co,o, Co,e and Ce,o respectively. For any 0 < k < n, Go,oGTo,o = Ik and Ho,oH
T
o,o = In−k . For even
(n − k), Go,eGTo,e = Ik and Ho,eH
T
o,e = diag[J2, . . . , J2︸ ︷︷ ︸
n−k
2
]. For even k, Ge,oG
T
e,o = diag[J2, . . . , J2︸ ︷︷ ︸
k
2
] and He,oH
T
e,o = In−k.
Then, the results follow from Lemma 4.4.
8For a finite set S, |S| denotes the cardinality of S. To determine the cardinality of the orbit, we need the following formulas,
which can be found in [8] and [12].
|Ok| =
{
2
k2
4
∏ k
2−1
i=1 (2
2i − 1), if k is even,
2
(k−1)2
4
∏ k−1
2
i=1 (2
2i − 1), if k is odd,
(6)
and, for an even positive integer k,
|Spk| = 2
k2
4
k
2∏
i=1
(22i − 1). (7)
For a number q with q 6= 1, the Gaussian or q-binomial coefficient
[
n
k
]
q
is defined to be[
n
k
]
q
=
(qn − 1)(qn−2 − 1) · · · (qn−k+1 − 1)
(q − 1)(q2 − 1) · · · (qk − 1)
.
The Gaussian coefficients has the same symmetry as that of binomial coefficients[
n
k
]
q
=
[
n
n− k
]
q
.
The number of k-dimensional subspaces of an n-dimensional vector space over Fq is just
[
n
k
]
q
.
Theorem 4.6: Let k and n be positive integers with k < n.
(i) Let LCDo,o[n, k] be the set of odd-like binary [n, k] LCD codes with odd-like duals, then
|LCDo,o[n, k]| =


2
nk−k2+n−1
2
[n
2−1
k−1
2
]
4
, if k odd, n even,
2
(n−k)(k−1)
2 (2n−k − 1)
[n−1
2
k−1
2
]
4
, if k odd, n odd,
2
k(n−k−1)
2 (2k − 1)
[n−1
2
k
2
]
4
, if k even, n odd,
2
k(n−k)
2 (2k − 1)
[n
2−1
k
2
]
4
, if k even, n even.
(ii) Let LCDo,e[n, k] be the set of odd-like binary [n, k] LCD codes with even-like duals, then
|LCDo,e[n, k]| =


2
(k−1)(n−k)
2
[n−1
2
k−1
2
]
4
, if k odd, n odd,
2
k(n−k)
2
[n
2−1
k
2−1
]
4
, if k even, n even,
0, otherwise.
(iii) Let LCDe,o[n, k] be the set of even-like binary [n, k] LCD codes with odd-like duals, then
|LCDe,o[n, k]| =


2
k(n−k−1)
2
[n−1
2
k
2
]
4
, if k even, n odd,
2
k(n−k)
2
[n
2−1
k
2
]
4
, if k even, n even,
0, otherwise.
Proof From Proposition 4.1 and Theorem 4.2, LCDo,o = Co,oOn. Then,
|LCDo,o| =
|On|
|St(Co,o)|
.
From Corollary 4.5, one obtains
|LCDo,o| =
|On|
|Ok| · |On−k|
.
Then, Part (i) follows from Equation (6).
By a similar discussion, one has
|LCDo,e| =
|On|
|Ok| · |Spn−k|
, if (n− k) is even,
and
|LCDe,o| =
|On|
|Spk| · |On−k|
, if k is even.
9Then, Parts (ii) and (iii) follow from Equations (6) and (7). It completes the proof.
Corollary 4.7: Let k and n be positive integers with k < n.
(i) Let LCDo[n, k] be the set of odd-like binary [n, k] LCD codes, then
|LCDo[n, k]| =


2
nk−k2+n−1
2
[n
2−1
k−1
2
]
4
, if k odd, n even,
2
(n−k)(k+1)
2
[n−1
2
k−1
2
]
4
, if k odd, n odd,
2
k(n−k−1)
2 (2k − 1)
[n−1
2
k
2
]
4
, if k even, n odd,
2
(k+2)(n−k)
2
[n
2−1
k
2−1
]
4
, if k even, n even.
(ii) Let LCDe[n, k] be the set of even-like binary [n, k] LCD codes, then
|LCDe[n, k]| =


2
k(n−k−1)
2
[n−1
2
k
2
]
4
, if k even, n odd,
2
k(n−k)
2
[n
2−1
k
2
]
4
, if k even, n even,
0, otherwise.
Proof From |LCDo[n, k]| = |LCDo,o[n, k]| + |LCDo,e[n, k]| and Theorem 4.6, Part (i) follows. From |LCDe[n, k]| =
|LCDe,o[n, k]| and Theorem 4.6, Part (ii) follows.
Corollary 4.8: Let k and n be two positive integers with k < n. Then,
|LCD[n, k]| =


2
nk−k2+n−1
2
[n
2−1
k−1
2
]
4
, if k odd, n even,
2
(n−k)(k+1)
2
[n−1
2
k−1
2
]
4
, if k odd, n odd,
2
k(n−k+1)
2
[n−1
2
k
2
]
4
, if k even, n odd,
2
k(n−k)
2
(
2n−k
[n
2−1
k
2−1
]
4
+
[n
2−1
k
2
]
4
)
, if k even, n even.
Proof From |LCD[n, k]| = |LCDo[n, k]|+ |LCDe[n, k]| and Corollary 4.7, this corollary follows.
Remark 4: In [14], Sindrier gave a formula of the number of LCD codes, which involves the number of self-orthogonal
codes. Since the number of terms in the summation of the formula is very large, the formula is intractable. The formula we
give here is a very simple closed formula.
In the following, we shall analyze the asymptotic behavior of the size of the orbits COn. For all q > 1, let gq,n be the
number defined by
gq,n =
n∏
i=1
(1−
1
qi
).
Then, we can rewrite
[
n
k
]
q
as [
n
k
]
q
= qk(n−k)
gq,n
gq,kgq,n−k
. (8)
The sequence gq,1, gq,2, . . . is strictly decreasing and has positive limit, which is denoted by gq,∞ or
∏∞
i=1(1 −
1
qi
). Then,
one has
lim
k→∞
(n−k)→∞
[
n
k
]
q
qk(n−k)
=
1
gq,∞
. (9)
Theorem 4.9: Let k and n be two positive integers with k < n.
(i) Let LCDo,o[n, k] be the set of odd-like binary [n, k] LCD codes with odd-like duals. Then,
lim
k→∞
(n−k)→∞
|LCDo,o[n, k]|
2k(n−k)
=
1
g4,∞
.
(ii) Let LCDo,e[n, k] be the set of odd-like binary [n, k] LCD codes with even-like duals. If (n−k) is odd, then |LCDo,e[n, k]| =
0. If (n− k) is even, then
lim
k→∞
(n−k)→∞
(n−k) is even
|LCDo,e[n, k]|
2(k−1)(n−k)
=
1
g4,∞
.
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(iii) Let LCDe,o[n, k] be the set of even-like binary [n, k] LCD codes with odd-like duals. If k is odd, then |LCDe,o[n, k]| = 0.
If k is even, then
lim
k→∞
(n−k)→∞
k is even
|LCDe,o[n, k]|
2k(n−k−1)
=
1
g4,∞
.
Proof From Theorem 4.6 and Equation (8), one gets
|LCDo,o[n, k]| =


2k(n−k)
g4, n
2
−1
g
4,
k−1
2
g
4,
n−k−1
2
, if k odd, n even,
2k(n−k)(1− 2−(n−k))
g
4,
n−1
2
g
4, k−1
2
g
4, n−k
2
, if k odd, n odd,
2k(n−k)(1− 2−k)
g
4, n−1
2
g
4, k
2
g
4, n−k−1
2
, if k even, n odd,
2k(n−k)(1− 2−k)
g4, n
2
−1
g
4, k
2
g
4,
n−k
2
, if k even, n even.
From limn→∞ g4,n = g4,∞ =
∏∞
i=1(1 −
1
22i ), Part (i) follows. By a similar discussion, we can prove that Parts (ii) and (iii)
hold. It completes the proof.
Corollary 4.10: Let k and n be two positive integers with k < n.
(i) Let LCDo,o[n, k] be the set of odd-like binary [n, k] LCD codes with odd-like duals. Then,
lim
k→∞
(n−k)→∞
|LCDo,o[n, k]|[
n
k
]
2
=
1∏∞
i=1(1 +
1
2i )
.
(ii) Let LCDo,e[n, k] be the set of odd-like binary [n, k] LCD codes with even-like duals. If (n−k) is odd, then |LCDo,e[n, k]| =
0. If (n− k) is even, then
lim
k→∞
(n−k)→∞
(n−k) is even
2n−k|LCDo,e[n, k]|[
n
k
]
2
=
1∏∞
i=1(1 +
1
2i )
.
(iii) Let LCDe,o[n, k] be the set of even-like binary [n, k] LCD codes with odd-like duals. If k is odd, then |LCDe,o[n, k]| = 0.
If k is even, then
lim
k→∞
(n−k)→∞
k is even
2k|LCDe,o[n, k]|[
n
k
]
2
=
1∏∞
i=1(1 +
1
2i )
.
Proof From Theorem 4.9 and Equation (9), one obtains
lim
k→∞
(n−k)→∞
|LCDo,o[n, k]|[
n
k
]
2
=
g2,∞
g4,∞
.
It is observed that
g2,∞
g4,∞
=
limn→∞
∏n
i=1(1−
1
2i )
limn→∞
∏n
i=1(1−
1
22i )
= lim
n→∞
∏n
i=1(1−
1
2i )∏n
i=1(1 −
1
22i )
= lim
n→∞
1∏n
i=1(1 +
1
2i )
=
1∏∞
i=1(1 +
1
2i )
.
Then, Part (i) holds. By a similar discussion, we can prove Parts (ii) and (iii).
Corollary 4.11: Let k and n be two positive integers with k < n.
(i) Let LCD[n, k] be the set of binary [n, k] LCD codes. Then,
lim
k→∞
(n−k)→∞
|LCD[n, k]|[
n
k
]
2
=
1∏∞
i=1(1 +
1
2i )
.
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(ii) Let LCDo,o[n, k], LCDo,e[n, k] and LCDe,o[n, k] be defined as in Corollary 4.10. Then,
lim
k→∞
(n−k)→∞
|LCDo,o[n, k]|
|LCD[n, k]|
= 1,
and
lim
k→∞
(n−k)→∞
|LCDo,e[n, k]|
|LCD[n, k]|
=
|LCDe,o[n, k]|
|LCD[n, k]|
= 0.
Proof From Corollary 4.10, this corollary follows.
Remark 5: Part (i) of Corollary 4.11 has been proved in [14]. We give a simpler and more direct proof for this result. Part
(ii) shows that when k and (n− k) go to infinity, almost all binary LCD codes C are odd-like codes with odd-like duals C⊥.
Accordingly, for almost all binary LCD codes, they and their duals both have orthonormal basis.
In the following, we count the inequivalent binary LCD codes. Let Pn be the group generated by all n × n permutation
matrices, which are square matrices that have exactly one entry of 1 in each row and each column and 0s elsewhere. Two codes
C1, C2 are equivalent if there exists a permutation P in Pn such that C2 = C1P . For every C ∈ LCD[n, k] and every P ∈ Pn, C
and CP are in the same orbit. Then, we only need to classify LCD codes over every orbit. We first consider classifying LCD
codes in LCDo,o[n, k] = Co,oOn. For every C ∈ LCD[n, k], [C] denotes the equivalence class of C, i.e., [C] = {CP : P ∈ Pn}.
Let L˜CDo,o[n, k] = {[C] : C ∈ LCDo,o[n, k]}. From LCDo,o[n, k] = Co,oOn, there is a one-to-one correspondence between
the family LCDo,o[n, k] of LCD codes and the the set St(Co,o)\On of right cosets defined by
pi : LCDo,o[n, k] −→ St(Co,o)\On,
Co,oQ 7−→ St(Co,o)Q.
By the definition of L˜CDo,o[n, k], the map pi induces a surjection p˜i between L˜CDo,o[n, k] and the set St(Co,o)\On/Pn of
double cosets defined as
p˜i : L˜CDo,o[n, k] −→ St(Co,o)\On/Pn,
[Co,oQ] 7−→ St(Co,o)QPn.
Then, we obtain a parametrization of the inequivalent linear codes in LCDo,o[n, k] by the set St(Co,o)\On/Pn of double
cosets. Hence, classifying the inequivalent LCD codes in LCDo,o[n, k] is equivalent to determining representatives of the set
St(Co,o)\On/Pn of double cosets.
For any [n, k] linear code C, the automorphism group Aut(C) of C is defined by Aut(C) = {P ∈ Pn : CP = C}. Then, we
have the mass formula for LCDo,o[n, k].
Proposition 4.12: Let k and n be two positive integers with k < n. Then,∑
[C]∈L˜CDo,o[n,k]
1
|Aut(C)|
=
|On|
|St(Co,o)| · |Pn|
.
Proof From LCDo,o[n, k] = Co,oOn, one has
|On|
|St(Co,o)|
=
∑
C∈LCDo,o[n,k]
1
=
∑
[C]∈L˜CDo,o[n,k]
|[C]|
=
∑
[C]∈L˜CDo,o[n,k]
|CPn|
=
∑
[C]∈L˜CDo,o[n,k]
|Pn|
|Aut(C)|
,
which completes the proof.
We can consider the problem of classifying the inequivalent LCD codes in LCDo,e[n, k] and LCDe,o[n, k] exactly like the
case LCDo,o[n, k]. In short, classifying the inequivalent binary LCD codes is equivalent to determining representatives of the
following three sets of double cosets:
St(Co,o)\On/Pn, St(Co,e)\On/Pn
and
St(Ce,o)\On/Pn.
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V. THE CHARACTERIZATION OF LCD CODES IN ODD CHARACTERISTIC
In this section, we will consider LCD codes over Fq, where q is a power of an odd prime.
The following proposition [15] is very important for the characterization of LCD codes over finite fields of odd characteristic.
Proposition 5.1: If M is a k×k nonsingular symmetric matrix over Fq with k ≥ 2, then there is a k×k nonsingular matrix
Q such that QMQT = diag[1, 1, . . . , 1︸ ︷︷ ︸
k−1
, δ] , where δ = 1 if det(M) is a square in Fq , and δ is any nonsquare in Fq if det(M)
is a nonsquare in Fq .
The following theorem presents a characterization of LCD codes in terms of their basis.
Theorem 5.2: Let q be a power of an odd prime and C be an [n, k] LCD code over Fq. Then, C is LCD if and only if there
is a generator matrix G of C such that GGT = diag[1, 1, . . . , 1︸ ︷︷ ︸
k−1
, δ], where δ ∈ F∗q = Fq \{0}, that is, there is a basis e1, . . . , ek
of C such that for any i, j ∈ {1, 2, . . . , k},
(i) ei · ej = 0 if i 6= j;
(ii) ei · ei = 1 if i 6= k;
(ii) ek · ek = δ.
Proof Using Proposition 5.1, we can prove this theorem by a similar discussion as in the proof of Theorem 3.1 and Theorem
3.2.
Let G1 and G2 be any two generator matrices of an [n, k] code C. Then, there is a k×k nonsingular matrix Q such that G2 =
QG1. Thus, det(G2G
T
2 ) = det(Q)
2det(G1G
T
1 ). Then, det(G2G
T
2 )det(G1G
T
1 )
−1 ∈ (F∗q)
2. Hence, we can define LCD+[n, k]q
(LCD−[n, k]q, respectively) be the set of all [n, k] LCD codes over Fq with det(GG
T ) ∈ (F∗q)
2 (det(GGT ) 6∈ (F∗q)
2,
respectively). Let LCD[n, k]q be the set of all [n, k] LCD codes over Fq. Then, LCD[n, k]q = LCD+[n, k]q ∪ LCD−[n, k]q.
To construct linear codes in LCD−[n, k]q , one need the following lemma [15].
Lemma 5.3: For any z ∈ Fq, there exist x and y in Fq such that z = x2 + y2.
Let γ be a nonsquare in Fq. From Lemma 5.3, there exist a and b in Fq such that γ = a
2 + b2. Let G+ and G− be k × n
matrices defined by
G+ =


e1
e2
...
ek−1
ek

 and G− =


e1
e2
...
ek−1
aek + bek+1

 . (10)
Let C+ and C− be linear codes generated by G+ and G− respectively. Since G+GT+ = Ik and G−G
T
− = diag[1, 1, . . . , 1︸ ︷︷ ︸
k−1
, γ],
C+ ∈ LCD+[n, k]q and C− ∈ LCD−[n, k]q. Moreover, C+ and C− have parity-check matrices H+ and H− respectively, where
H+ =


ek+1
ek+2
...
en−1
en

 and H− =


ek+2
ek+3
...
en
−bek + aek+1

 . (11)
Then, C⊥+ ∈ LCD+[n, n− k]q and C
⊥
− ∈ LCD−[n, n− k]q . Further, we have the following results.
Proposition 5.4: Let 0 < k < n. If C ∈ LCD+[n, n− k]q (C ∈ LCD−[n, n− k]q, respectively), then C⊥ ∈ LCD+[n, n− k]q
(C⊥ ∈ LCD−[n, n− k]q , respectively).
Proof Let G be a generator matrix of C and H be a parity-check matrix of C. Note that GHT = 0. Then,(
det
([
G
H
]))2
=det
([
G
H
] [
G
H
]T)
=det
([
GGT 0
0 HHT
])
=det
(
GGT
)
det
(
HHT
)
.
Then, det
(
GGT
)
det
(
HHT
)
∈ (F∗q)
2, which completes the proof.
Let On(q) be the set of all n×n matrix Q over Fq such that QQT = In. It is observed that On(q) acts on LCD[n, n− k]q
by (C, Q) 7−→ CQ, where C ∈ LCD[n, k]q and Q ∈ On(q). Moreover, LCD+[n, k]q and LCD−[n, k]q are On(q)-invariant
subsets. In fact, we have the following stronger results.
13
Proposition 5.5: Let k and n be two positive integers with k < n. Then, LCD+[n, k]q = C+On(q) and LCD−[n, k]q =
C−On(q). Hence, LCD[n, k]q = C+On(q) ∪ C−On(q).
Proof From LCD[n, k]q = LCD+[n, k]q ∪ LCD−[n, k]q and Proposition 5.4, this proposition follows.
Lemma 5.6: Let C be an [n, k] LCD code over Fq, G be a generator matrix of C and H be a generator matrix of C⊥.
Then, Q ∈ St(C) if and only if Q =
[
G
H
]−1 [
Q1 0
0 Q2
] [
G
H
]
, where Q1 ∈ GLk(q) and Q2 ∈ GLn−k(q) such that
Q1(GG
T )QT1 = GG
T and Q2(HH
T )QT2 = HH
T .
Proof The proof is analogous to the proof of Lemma 4.4.
For δ ∈ F∗q , let O
δ
k(q) be the group defined by
Oδk(q) = {Q ∈ Ok(q) : Qdiag[1, 1, . . . , 1︸ ︷︷ ︸
k−1
, δ]QT = diag[1, 1, . . . , 1︸ ︷︷ ︸
k−1
, δ]}.
Then, O1k(q) is just Ok(q).
Corollary 5.7: Let k and n be two positive integers with 0 < k < n.
(i) Let C+ be the LCD code with the generator matrix G+ defined by Equation (10). Then,
St(C+) =
{[
Q1 0
0 Q2
]
: Q1 ∈ Ok(q), Q2 ∈ On−k(q)
}
.
(ii) Let G− and H− be matrices defined by Equations (10) and (11). Then,
St(C−) =
{[
G−
H−
]−1 [
Q1 0
0 Q2
] [
G−
H−
]
: Q1 ∈ O
γ
k(q), Q2 ∈ O
γ
n−k(q)
}
.
Proof This corollary follows from Lemma 5.6.
To determine the cardinality of the orbit COn(q), we need the cardinality of Oδn(q), which can be found in [13], [16]. If n
is odd, one has
|Oδn(q)| = 2q
(n−1)2
4
n−1
2∏
i=1
(q2i − 1). (12)
If n is even, one has
|Oδn(q)| = 2q
n(n−2)
4
(
q
n
2 − η
(
(−1)
n
2 δ
)) n2−1∏
i=1
(q2i − 1), (13)
where η is the Legendre character of Fq.
Theorem 5.8: Let q be a power of odd prime and k, n be two positive integers with k < n.
(i) LCD+[n, k]q = C+On(q) and
|LCD+[n, k]q| =


1
2q
k(n−k)−1
2
(
q
n
2 − η
(
(−1)
n
2
)) [n
2−1
k−1
2
]
q2
, if k odd, n even,
1
2q
k(n−k)
2
(
q
n−k
2 + η
(
(−1)
n−k
2
)) [n−1
2
k−1
2
]
q2
, if k odd, n odd,
1
2q
k(n−k)
2
(
q
k
2 + η
(
(−1)
k
2
)) [n−1
2
k
2
]
q2
, if k even, n odd,
1
2q
k(n−k)
2
(
q
k
2 +η
(
(−1)
k
2
))(
q
n−k
2 +η
(
(−1)
n−k
2
))
(
q
n
2 +η
(
(−1)
n
2
)) [n2
k
2
]
q2
, if k even, n even.
(ii) LCD−[n, k]q = C−On(q) and
|LCD−[n, k]q| =


1
2q
k(n−k)−1
2
(
q
n
2 − η
(
(−1)
n
2
)) [n
2−1
k−1
2
]
q2
, if k odd, n even,
1
2q
k(n−k)
2
(
q
n−k
2 − η
(
(−1)
n−k
2
)) [n−1
2
k−1
2
]
q2
, if k odd, n odd,
1
2q
k(n−k)
2
(
q
k
2 − η
(
(−1)
k
2
)) [n−1
2
k
2
]
q2
, if k even, n odd,
1
2q
k(n−k)
2
(
q
k
2 −η
(
(−1)
k
2
))(
q
n−k
2 −η
(
(−1)
n−k
2
))
(
q
n
2 +η
(
(−1)
n
2
)) [n2
k
2
]
q2
, if k even, n even.
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Proof From LCD+[n, k]q = C+On(q) and Corollary 5.7, one has
|LCD+[n, k]q| =
|On(q)|
|St(C+)|
=
|On(q)|
|Ok(q)| · |On−k(q)|
.
Then, Part (i) follows from Equations (12) and (13).
From LCD−[n, k]q = C−On(q) and Corollary 5.7, one has
|LCD−[n, k]q| =
|On(q)|
|St(C−)|
=
|On(q)|
|Oγk(q)| · |O
γ
n−k(q)|
.
Then, Part (ii) follows from Equations (12) and (13).
Corollary 5.9: Let q be a power of an odd prime and k, n be two positive integers with k < n. Then
|LCD[n, k]q| =


q
k(n−k)−1
2
(
q
n
2 − η
(
(−1)
n
2
)) [n
2−1
k−1
2
]
q2
, if k odd, n even,
q
(k+1)(n−k)
2
[n−1
2
k−1
2
]
q2
, if k odd, n odd,
q
k(n−k+1)
2
[n−1
2
k
2
]
q2
, if k even, n odd,
q
k(n−k)
2
[n
2
k
2
]
q2
, if k even, n even.
Proof This corollary follows from Theorem 5.8.
Corollary 5.10: Let k and n be positive integers with k < n.
(i) LCD+[n, k]q = C+On(q) and
lim
k→∞
(n−k)→∞
|LCD+[n, k]q|[
n
k
]
q
=
1
2
∏∞
i=1(1 +
1
qi
)
.
(ii) LCD−[n, k]q = C−On(q) and
lim
k→∞
(n−k)→∞
|LCD−[n, k]q|[
n
k
]
q
=
1
2
∏∞
i=1(1 +
1
qi
)
.
(iii) Let LCD[n, k]q be the set of all [n, k] LCD codes over Fq. Then,
lim
k→∞
(n−k)→∞
|LCD[n, k]q|[
n
k
]
q
=
1∏∞
i=1(1 +
1
qi
)
.
Proof From Theorem 5.8 and Equation (8), it completes the proof.
Corollary 5.11: Let k and n be two positive integers with k < n. Then,
lim
k→∞
(n−k)→∞
|LCD+[n, k]q|
|LCD[n, k]q|
= lim
k→∞
(n−k)→∞
|LCD−[n, k]q|
|LCD[n, k]q|
=
1
2
.
Thus,
lim
k→∞
(n−k)→∞
|LCD+[n, k]q|
|LCD−[n, k]q|
= 1.
Proof This corollary follows from Corollary 5.10.
By a similar discussion as the binary case, classifying the inequivalent q-array LCD codes is equivalent to determining
representatives of the following two sets of double cosets:
St(C+)\On(q)/Pn and St(C−)\On(q)/Pn.
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VI. CONCLUDING REMARKS
In this paper, we have pushed further the study of the general structure of LCD codes. Firstly, we have provided a new
characterization of LCD codes by their basis. As a consequence, a conjecture on minimum distance of binary LCD codes
proposed by Galvez et al. [7] was solved. Then, we have considered the action of the orthogonal group on the set of all LCD
codes. All the possible orbits of this action have been identified and closed formulas of the size of the orbits have been derived.
Our results show that almost all binary LCD codes are odd-like codes with odd-like duals and about half of q-LCD codes
have orthonormal basis, where q is a power of an odd prime.
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